EPJ manuscript No. 

(will be inserted by the editor) 



o 
o 

(N 



> 
o 



00 

o 

> 

X 



Corrections to Hawking-like Radiation for a Friedmann- 
Robertson- Walker Universe 

Tao Zhu'^ and Ji-Rong Ren 

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China 
Received: date / Revised version: date 

Abstract. Recently, a Hamilton-Jacobi method beyond semiclassical approximation in black hole physics 
was developed by Banerjee and Maihi [29] . In this paper, we generalize their analysis of black holes to the 
case of Friedmann- Robertson- Walker (FRW) universe. It is shown that all the higher order quantum correc- 
tions in the single particle action are proportional to the usual semiclassical contribution. The corrections 
to the Hawking-like temperature and entropy of apparent horizon for FRW universe are also obtained. In 
the corrected entropy, the area law involves logarithmic area correction together with the standard inverse 
power of area term. 
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Inspired by black hole thermodynamics [Ull], it was re- 
alized that there is a profound connection between gravity 
and thermodynamics. In |3j, Jacobson first showed that 
the Einstein equation can be derived from the propor- 
tionality of entropy to the horizon area, together with 
the Clausius relation SQ = TdS. Here SQ and T are 
the energy flux and Unruh temperature detected by an 
accelerated observer just inside the local Rindler causal 
horizons through spacetime point. Jacobson's derivation 
has also been applied to f{R) theory [4] and scalar-tensor 
theory[5] , where the non-equilibrium thermodynamics must 
■ be taken into account. For other viewpoint see [6]. 

With the spirit of Jacobson's derivation of Einstein 
field equation, one is able to derive Friedmann equations 
of a FRW universe with any spatial curvature by apply- 
ing the Clausius relation to apparent horizon of the FRW 
universe. For FRW universe [7], after replacing the event 
horizon by the apparent horizon of FRW universe and 
assuming that the apparent horizon has an associated en- 
tropy S'bjj and a temperature Tq 
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one can turn the first law of thermodynamics, dE = TgdS-QH, 
to the Friedmann equations. Here h, A, and are the 
Planck constant, area of the apparent horizon, and radius 
of the apparent horizon, respectively. Here it should be 
noted that the entropy S'bjj and temperature Tq are both 
the semiclassical results. The first law of thermodynam- 
ics not only holds in Einstein gravity, but also in Gauss- 
Bonnet gravity. Lovelock gravity, and various braneworld 
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scenarios [8l[9l[T0] . The fact that the first law of thermody- 
namics holds extensively in various spacetime and gravity 
theories suggests a deep connection between gravity and 
thermodynamics. (Some other viewpoints and further de- 
velopments in this direction see [TT | fT2 j fT3 l ll4 p i5 1 fT6] and 
references therein.) 

Since we can view a FRW thermodynamical system, 
like as black holes [17], it is of great interest to ask that 
whether there is a Hawking-like temperature associated 
with the apparent horizon of FRW universe. Recently, 
the scalar particle and fermion's Hawking-like radiation 
from apparent horizon of FRW universe were investigated 
by using the semiclassical tunneling method [T8lll9j . The 
Hawking-like temperature Tq — h/2TTfA, which associated 
with the apparent horizon of FRW universe, was recov- 
ered. 

The semiclassical tunneling process was initially pro- 
posed by Parikh and Wilczek^20]. In recent years, it has 
already attracted a lot of attention [21ii22j . In Parikh and 
Wilczek's method, the imaginary part of the action is cal- 
culated with using the null geodesic equation. In addi- 
tion to the null geodesic method, there is another method 
which was first developed by Padmanabhan et.al(23]. In 
this method, the Hawking radiation is derived by calcu- 
lating the particles' classical action from the Hamilton- 
Jacobi equation. This method has been applied to more 
general and complicated spacetimes[21] and dynamics black 
holes [25], and also using this method, the tunneling of a 
Dirac particle through the event horizon was studied [26]. 
Later, the connection between the anomaly approach and 
tunneling formulism is also discussed [2 7] . Recently, the 
derivation of Hawking black body spectrum in the tun- 
neling formulism is addressed[55] and this derivation fills 
the gap in the existing tunneling formulations. Both the 
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null geodesic method and the Hamilton-Jacobi method 
are, however, confined to the semiclassical approximation 
only. The issue of higher order quantum corrections to 
the Hawking-like radiation from apparent horizon of FRW 
universe is generally not discussed. 

Recently, an interesting improvement has already been 
made by Banerjee and Ma?7tz|29j. They formulated the 
Hamilton-Jacobi method of tunneling beyond semiclassi- 
cal approximation by considering all the terms in the ex- 
pansion of the one particle action for a scalar particle, and 
obtained all the higher order quantum corrections to the 
semiclassical results. Some further applications of their 
method to other black holes, dynamics black holes and 
fermion tunneling also have been done|30|. However, ex- 
amples given were mostly confined to black holes. 

In this paper, we generalize Hamilton-Jacobi method 
of tunneling beyond semiclassical approximation of black 
holes to the case of FRW universeQ We also explicitly 
compute all the higher order quantum corrections to the 
Hawking-like temperature and the entropy of apparent 
horizon of FRW universe. Let us start with the standard 
FRW metric. 



dr"^ 



1 — kr'^ 



(2) 



where (ii7| = d9^+sin^9dip^ denotes the line element of an 
unit two-sphere 5^ , a is the scale factor of our universe and 
k is the spatial curvature constant which can take values 
fc = -1-1 (positive curvature), k = (flat), and k = —1 
(negative curvature). The metric ([2]) can be rewritten as 



r~2 



dm 



(3) 



the FRW spacetime 



^"/'^ dt^ - 



2Hr 



1 — kf^ /a 



-dtdf 



1 — kf/w 



1 — kr^ I a 
;dr'^ +r^dQl 



(5) 



These coordinates have been used in both null geodesic 
method and Hamilton-Jacobi method [TSlfTO] to study the 
Hawking-like radiation from a FRW metric. 

Consider the massless scalar field cj) in the FRW uni- 
verse, which obey the Klein-Gordon equation 



(6) 



Since FRW universe is spherical symmetric, we only inter- 
est in the (t — f) sector of the spacetime. By the standard 
ansatz for scalar wave function 



(f, t) = exp 



(7) 



the Klein-Gordon equation ^ can be simplified to 

dS 
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where f = ar and x'^ ^ t, x^ = r and the two-dimensional 
metric hab =diag(— 1, a2/(l — fcr^)). In FRW universe, 
there is a dynamical apparent horizon, which is the marginally 
trapped surface with vanishing expansion and determined -^^^gj-e 
by the relation h°'^dafdbf = 0. After a simple calculation 
one can obtain the radius of the apparent horizon 



An expression of S{f, t) in powers of fi gives, 
5(f,i) = 5'o(f,t)+^?i^5,(f,i), 



(9) 
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i = 1,2,3.... In the semi-classical approach, we 
only consider the lowest term Sq (f, t) and neglect the 
terms with h and greater. In this case, from ([8]) one can 
get the following equation. 



TA = 



^H^ + fc/c 



(4) 



[dtS^Y + 2mdtSodfSo - (1 - f7fl)(5,5o)' = 0,(10) 



where H is the Hubble parameter, H = d/a (the dot 
represents derivative with respect to the cosmic time t). 
In the tunneling approach of reference |20j the Painleve- 
Gulstrand coordinates are used for the Schwarzschild space- 
time. Applying the change of radial coordinate, f = ar, 
along with the above definitions of H and Pa to the metric 
in ([2|) one obtains the Painleve-Gulstrand-like metric for 



and its solutions 



^ We note that after submission of this manuscript, Ref. [37] 
appeared, which also treats the Hawking-like radiation in FRW 
universe by using the tunneling method beyond semiclassical 
approximation. Unlike [3Z] only considering the corrections to 
the Hawking-like temperature, we obtained the quantum cor- 
rections both to the semiclassical Hawking-like temperature 
and the entropy of apparent horizon. 



dtSo = i-Hf±^l-kf'^/a'^)dfSo. 



(11) 



The higher terms with h and greater are treated as quan- 
tum corrections to the semiclassical value 5*0. Substituting 
© into (El) and using Eq.ini), after some calculations we 
find the following relations for different powers of h, 



dtSi = {-Hf±y/l-kr^/a^)dfSi, 
dtS2 - i-Hf ± ^l^krya^)drS2, (12) 
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and so on. The above set of equations have the same func- 
tional form. So their solutions are not independent and Si 
are proportional to 5*0. Then, we write the Eq.Q by 



5(f,t) = (l + ^7,?i*)5o(f,t). 



(13) 



Here So denotes the semiclassical contribution and the 
extra value J2i Ii^^Sq can be regarded as the quantum 
correction terms of the semiclassical analysis. 

In order to find the solution of So{f, t) satisfying Eg. (fTT|) . 
one must analysis the symmetries of the metric ([5]). For 
the metric (O, since the metric coefficients are both radius 
and time dependent, there is no time translation Killing 
vector field in same with the case of static spacetime. How- 
ever, following Kodama|31j. for spherically symmetric dy- 
namical spacetime whose metric like ([5]), there is a natural 
analogue, the Kodama vector 



K = y/l - kP^/a^dt 



(14) 



(For details of the definition of the Kodama vector and its 
significance, see [5T1I5^ .) The Kodama vector in dynami- 
cal spacetime is of the same significance with the Killing 
vector in static spacetime. It should be noted that the 
Kodama vector is timelike, null and spacelike as f < f^, 
f = TA and f > VA, respectively. Using the Kodama vec- 
tor, one can define the energy lo and radial momentum kp 
measured by the Kodama observer 



CO = -KdtSo = ~^/l-kP/a'^dtSQ, kr = dfSo- (15) 
Thus one can separate Sq as 



-dt + I kfdf. 



^1 — kf^ I o? 
Substituting the above ansatz into Eg. pTj) yields 



{l-f'^/f\)^\-kf^/a? 



(16) 



(17) 



where the +/ — sign corresponds to the outgoing/intgoing 
solutions, respectively. Therefore solutions of action 5(f, t) 
for the ingoing and outgoing particle under the background 
metric ([5]) are respectively. 



'out 



zdt 



Hf -f ^1 ~ kf'^la? 



{l^f-^/r\)^l^kP/c 
(1 + E7^^0> 



zdf 



(18) 



and 



— kf^ I d- 



-.dt + 



-Hf- - ^1 - kf^/c 



{l-P^/r\)y/l- kf^/a^ 



-.dr 



(19) 



Recently, a problem in tunneling approach has been 
discussed in which corresponds to a factor two ambiguity 
in the original Hawking temperature [33J. This ambiguity 
is resolved when we take into account a temporal contribu- 
tion to the imaginary part of action[33]. In Schwarzschild 
black hole, for the tunneling of a particle across the event 
horizon the nature of the time coordinate t changes. This 
change indicates |34j that t coordinate has an imaginary 
part for the crossing of the horizon of the black hole and 
correspondingly there will be a temporal contribution to 
the imaginary part of action for the ingoing and outgoing 
particles. For FRW universe, the radiation is observed by 
the Kodama observer and the Kodama vector is timelike, 
null and spacelike for the regions outside, on and inside 
the apparent horizon, respectively. Because the energy of 
the particle is defined by the Kodama vector, the discrep- 
ancy of Kodama vector inside and outside the horizon will 
effect the temporal part of the action. This means that the 
temporal part integral in and (|19p also has an imag- 
inary part. Therefore, outgoing and ingoing probabilities 
are given by. 



P, 



out 



out I 



exp 



^'30Ut(f,t) 



exp 



-Hf -h Vl - kr"^ 



(1 — f"^ /f'\)^/l — kr"^ 



Im 



zdf 



zdt 



(20) 



and 



exp 



^'S'in(f,t) 



exp 



Lolm 



Vl - fcr2 



zdt 



-Hf — \/l — kr^ 



(l-f2/^i)Vl-A:r2 



zdf 



(21) 



The contribution of the temporal part of the action to the 
tunneling rate is canceled out when dividing the outgoing 
probability by the ingoing probability because the tempo- 
ral part is completely the same for both the outgoing and 
ingoing solutions. It is no need to work out the result of 
the temporal part of the action. 

In the WKB approximation, the tunneling probability 
is related to the imaginary part of the action as 



r = 



^'out 



exp 



^ , ' J (1 ~ r^/ri) 



df 



.(22) 



It is obvious that the integral function has a pole at the 
apparent horizon. Through a contour integral, the tunnel- 
ing probability of ingoing particle now reads 



r = exp 



--(l + y^7i?i'')7rujfA 



(23) 
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Now using the principle of "detailed balance" [23] , 

r = exp[-cj/T] = cxp[-cj/T], (24) 

the Hawking-like temperature associated with the appar- 
ent horizon can be determined as 

i i 

where Tq is the semiclassical Hawking-like temperature 
and other terms are corrections coming from the higher 
order quantum effects. 

In the Hawking-like temperature expression ((25)l . there 
are un-determined coefficients ji. Since Sq has the dimen- 
sion of h, the coefficients should have the dimension of 
inverse of h^. In the units G = c = ks = ^ the Planck con- 
stant h is of the order of square of the Planck length Ip. 
Therefore, the coefficients 7; have the dimension of f^^. 
We can write the action S as 

S{f,t)=(^l + J2^^So{f,t), (26) 

where are dimensionless parameters. Now the Hawking- 
like temperature (j25p can be written as 

T = n(^l + j:^y. (27) 

Till now, we have obtained all the corrections to the semi- 
classical Hawking-like temperature To. It should be noted 
that the Kodama observer is inside the apparent horizon. 
This means that the Kodama observer does see a thermal 
spectrum with temperature T — (l/27rf^)(l + ^- ^^)^^. 

Hawking temperature is always related to surface grav- 
ity of horizon as T = k/2tt. In the semiclassical case, the 
surface gravity is ko — l/'^A- Hence, the modified form 
of surface gravity of the apparent horizon following from 
(EZD, is 

---o(l + E^) • (28) 

Now let us turn to investigate the entropy of apparent 
horizon in the presence of higher order quantum correc- 
tions. The semiclassical Bekenstein-Hawking entropy of 
apparent horizon is given by 



The first law of thermodynamics holds on apparent hori- 
zon indicates dS-QYi = dE/To, where dE is the amount of 
energy crossing the apparent horizon in FRW universe. In 
constructing the first law of thermodynamics on appar- 
ent horizon, a key point is to calculate this energy dE in 
an infinitesimal time interval. In FRW universe, the total 
energy inside the apparent horizon is defined by a quasi- 
local mass: the Misner-Sharp mass M = rA/'^- By using 



the Misner-Sharp mass M, the energy flux passed through 
the apparent horizon is defined as 

dE = {k^dtM + k''drM)dt = dfA, (30) 

where A;*''' = (1,— i?r) is the (approximate) generator of 
the apparent horizon and satisfies k"^ drf+k^dtf — 0. With 
the expression of modified Hawking-like temperature (|27p , 
the first law of thermodynamics on apparent horizon is 

Integrating the above equation yields the entropy of ap- 
parent horizon 

We can see that the first term is the usual semiclassical 
area law (j29[) . and the other terms are the quantum cor- 
rections. For the correction term, it contain two parts: the 
logarithmic term and the inverse area terms. We note that 
the logarithmic correction term has been also obtained by 
other approaches pT[[5M M] . and in some literatures [55]. 
the coefficient of the logarithmic correction term is con- 
troversial. In our result, the coefficient of the logarithmic 
correction term is determined by the dimensionless con- 
stant ai. 

In conclusion, we generalize Hamilton-Jacobi method 
of tunneling beyond semiclassical approximation of black 
holes to the case of FRW universe. We have considered 
all orders in the single particle action for particle tunnel- 
ing through the apparent horizon of the FRW universe. 
It is shown that higher order correction terms of the ac- 
tion are proportional to the semiclassical contribution. By 
applying the dimensional argument and principle of " de- 
tailed balance" , higher order corrections to the Hawking- 
like temperature and entropy of apparent horizon are ob- 
tained. For the corrected entropy (|32p . it contains three 
parts: the usual Bekenstein-Hawking entropy, the logarith- 
mic term and the inverse area term. We find that the co- 
efficient of the logarithmic correction term is determined 
by the dimensionless constant ai. 
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